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Summary

Flexural waves are the main type of waves propagating in thin plates and play a relevant role in the

�eld of noise and vibration. In this work, the study of the conditions for the absorption of sound due

to �exural resonances is reported. Two systems composed of thin clamped aluminum square plates

with an absorptive layer in contact are studied: (i) a plate backed by an air cavity ended by a rigid

wall, and (ii) a plate in contact with an absorptive layer. Absorption in both systems is studied

analytically and numerically by using the transfer matrix method and considering viscoelastic and

viscothermal losses in the waveguide and in the plate, respectively. The Ross-Kerwin-Ungar (RKU)

model is used to model the absorptive layer. For the case of the re�ection problem (rigidly backed

system), the analysis of the re�ection coe�cient in the complex frequency plane is used to identify

the zeros and poles of this coe�cient and to tune the overall losses of the system in order to establish

the conditions for achieving critical coupling and, thus, perfect sound absorption. For the case of

the transmission problem, the system is not rigidly backed, and losses are increased by adding an

absorptive layer in contact with the plate, creating a composite that is analyzed as a single layer with

e�ective properties.

PACS no. 43.20.Hq, 43.20.Ks, 43.20.Mv, 43.40.Dx

1. Introduction

Thin plates may be de�ned as �at elements having two
dimensions (length and breadth) large in comparison
to the remaining one (depth) [1]. Geometrically, plates
are bounded either by straight or curved boundaries
and their bending properties depend greatly on its
thickness as compared with their other dimensions [2].
Quantitatively, Ventsel [3] de�nes thin plates, as those
in which the ratio between its length, a and thickness
h is equal or greater than 80.

The interest in the study of propagation of �exural
waves in thin plates has increased in the recent years,
as they present some interesting properties for sound
absorption and the control of wave propagation. The
propagation of �exural waves in thin plates presents
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the peculiarity that it can be controlled by means of
thickness variations, as was theoretically studied by
Krylov [4, 5]. When there is open �ow through the
structure, it is relatively straightforward to extract ef-
fective properties experimentally due to the relatively
low acoustic impedance [6]. Some studies have been
performed about sound absorption of multilayer per-
forated panel systems [7, 8, 9, 10] and plates [11] with
the aim of obtaining higher absorption both in mag-
nitude and in a frequency range as wide as possible.
Most of the results presented in the acoustic analysis
of the works mentioned above are based upon linear
models. Using this type of systems, it is possible to
achieve a high sound absorption, specially at some
frequencies at which the natural modes are excited.
The work performed by Lee et al. [7] shows this re-
lationship between the resonance frequency and the
absorption coe�cient.

In this work, sound absorption in di�erent systems
is studied. These systems are composed of thin alu-
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minum plates placed parallel into a waveguide and, as
all its sides are constrained by the walls of the tube,
clamped boundary conditions are applied. Two di�er-
ent problems must be taken into account: the problem
in re�ection and the problem in transmission. In the
�rst case, the plate is backed by an air cavity with a
rigid ending and, in the second case, no rigid backing
is considered. The purpose is to maximize the sound
absorption of each system by means of the charac-
terization of the design of a structure of plates and
study the limits of these systems for perfect sound
absorption. Perfect absorption is recently receiving an
increasing interest in the �eld of acoustics. Since it is
a challenge at present, a lot of works are being per-
formed in order to develop perfect and quasi perfect
sound absorbers with a bandwidth as wide as possible
considering porous materials [13], resonators [14] and
meta-surfaces [15], among other systems. In order to
study the limits of perfect absorption in plates, the
transmission, re�ection and absorption coe�cients of
the system, are obtained by using the Transfer Matrix
Method (TMM) [12].

2. The problem in re�ection: a plate

backed by an air cavity with rigid

ending

The behaviour of a system composed by a plate
backed by an air cavity with rigid ending is studied
considering that there is no transmission due to the
presence of the rigid backing placed behind the air
cavity (see Figure 1). The system is close to the one
analyzed in Ref. [14]. The re�ection and the absorp-
tion coe�cients can be studied. The system is ana-
lyzed by using the transfer matrix between the two
faces of the system, T , extending from x = 0 to thick-
ness x = L, which is used to relate the sound pressure,
p, and normal acoustic particle velocity, v, between its
two faces, i.e.,

[
p
v

]
x=0

= T

[
p
v

]
x=L

, (1)

Since the wave is propagating into the duct in one
direction and only �exural modes in the plate are con-
sidered, this can be considered as a 1-D study prob-
lem. This is due to the fact that only plane waves are
propagated in the tube, as the range of frequencies in
which the study is performed is below the cut-o� fre-
quency of the waveguide. Furthermore, in the working
frequency range of the tube only the �rst mode of the
plate is considered.

The transfer matrix of a homogeneous and isotropic
material can easily be used to identify the materi-
als' characteristic impedance and wave number, from
which other acoustical quantities of interest can be
calculated [12].

Figure 1. 3-D scheme of the problem in re�ection. Dark
blue represents the incident plane wave generated by the
source and medium blue represents the sound wave that is
re�ected by the system. The plate is represented in grey.

The transfer matrix of a waveguide of length L, Tw,
and that of a plate, Tp, reads as

Tw =

[
cos(k0L) jZ0 sin(k0L)
j
Z0

sin(k0L) cos(k0L)

]
, (2)

Tp =

[
1 Zp
0 1

]
, (3)

where k0 is the wave number and Z0 and Zp are the
acoustic impedance of air and the plate (see Eq. 5),
respectively.

The transfer matrix of the cell, Tuc, that is formed
the plate and a volume of con�ned air, can be de�ned
as follows,

Tuc = TpTw =

[
T11 T12
T21 T22

]
, (4)

Clamped boundary conditions are considered in all
the boundaries of the plate, as they are �xed by the
walls of the waveguide, meaning that the displace-
ment, u, and the momentum in the x and y dimen-
sions, Mx and My respectively, of the boundaries are
null. Keeping the boundary conditions in mind, the
impedance of the plate can be calculated as follows
[17],

Zp =

(
M∑
m=1

N∑
n=1

ε2mn
ηmnZmn

)−1

, (5)

where εmn and ηmn are coe�cients presented in Ref.
[18] and Zmn is the modal impedance of the plate
de�ned as

Zmn = ρv
ξmnωmnω + j(ω2 − ω2

mn)

ω
, (6)

where ρv is the volumetric density of the plate, ωmn
is the resonance frequency for the (m,n) mode and ω
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is the angular frequency.

It is important to note that in this work only the
mode (1, 1), corresponding to the fundamental mode
of the plate, is considered. The equation that allows
to calculate the frequency of this mode is presented
by [18], and is an approximation for �exural modes of
square plates when m = n. Thus, the (m,m) �exural
mode can be analytically obtained as follows,

ωm = 2

(
m+

1

3

)2
π2

a2

√
D

ρs
(7)

being m the mode number, a the size of the plate,

D = Eh3

12(1−ν2) the �exural rigidity and ρs = ρvh the

surface density, being ρv the volume density and h
the thickness of the plate. E and ν are, respectively,
the Young's modulus and the Poisson ratio of the
material composing the plate.

The re�ection coe�cient can be obtained from the
transfer matrix as in Ref. [12],

R =
T11 − Z0T21
T11 + Z0T21

, (8)

where Z0 is the acoustic impedance of air.

Finally, the absorption coe�cient is directly calcu-
lated as follows,

α = 1− |R|2, (9)

This analytical model is used in order to obtain
the sound re�ection and absorption coe�cients of a
system composed by a single plate. Let's consider a
square plate made of aluminum (E = 69 · 109 Pa,
ν = 0.334, ρv = 2712 kg/m3), with size a = b = 0.09
m and thickness h = 0.5 · 10−3 m, backed by an air
cavity with length L = 0.1 m. A complex frequency
matrix has been de�ned as ω = ωr + jωi, where ωr
and ωi are the real and imaginary parts of the ma-
trix. This complex frequency matrix is de�ned with
the purpose of study the re�ection coe�cient in the
complex frequency plane, in which log |R|2 is repre-
sented against ωr and ωi. This methodology has been
used in previous works [19] and facilitates the inter-
pretation of the loss balance of the system.
The absorption coe�cient includes the energy losses

present in the system due to di�erent mechanisms,
which are caused by di�erent parts of a system [20].
Viscothermal losses are due the friction of the sound
wave with the walls of the waveguide (in this case,
the impedance tube). Thus, this kind of losses are
inherent to the propagation of the sound wave into
the duct and depends on its design parameters, such
as the geometry, the cross-section and the rugosity of
its internal wall, among others.

Viscoelastic losses are associated to the continuous
elastic elements composing the system (the plate and
the absorbing material that will be added in contact
with it). As will be seen later in this work, viscoelastic
losses are modelled in a di�erent form in the plate and
in the absorbing material. For the case of the plate,
the loss factor of the material composing it is con-
sidered as ξmn in Eq. 6. However, the Ross-Kerwin-
Ungar (RKU) model is used to obtain the loss factor of
the composite formed by the plate and the absorbing
material. This model considers that this composite
can be studied as a single layer with e�ective prop-
erties and, as a consequence, the resulting layer has
properties that are a combinations of the ones of the
two elements (equations governing this model can be
seen in [16]). Thus, the e�ective loss factor is consid-
ered as ξmn in Eq. 6.
In order to allow a more realistic study and anal-

ysis of the system, viscothermal losses relative to the
waveguide and viscoelastic losses of the plate mate-
rial are considered in this section. The presence of
losses in the system generally induces a real part in
the impedance of the system [19].
The main purpose of this work is to �nd the appro-

priate balance between the leakage and the losses that
activates the condition of critical coupling, trapping
the energy around the resonant elements and gener-
ating a maximum of energy absorption [22]. Thus, it
is necessary to �nd the adequate balance of the losses
in the system that allows this condition.
Viscothermal losses in the tube have been consid-

ered by taking into account a complex expression for
the acoustic wave number in the resonant element and
in the cavity as in [23],

k0 =
ω

c0

(
1 +

κ

si

(
1 +

γ − 1

χ

))
, (10)

Z0 =
ρ0c0
Si

(
1 +

κ

si

(
1− γ − 1

χ

))
, (11)

where Si is the internal cross-section of the tube,
ρ0 = 1.21 kg/m3 and c0 = 343 m/s, µ = 1.983 · 10−5

kg/m·s is the viscosity coe�cient of air, γ = 1.4 is the
heat capacity ratio of air, Pr = 0.702 is the Prandtl
number at atmospheric pressure, κ = (1 − j)/

√
2,

δ =
√
(2µ)/(ρ0ω) is the viscous boundary layer

thickness, χ =
√
Pr and si = Rh/δ, being Rh the

hydraulic radius of the tube.

Viscoelastic losses in the plate are included in the
model by considering the �exural loss factor, ξ, in
the equation of the modal impedance (Eq. 6). The
characteristic �exural loss factor in aluminum varies
from ξ = 3 ·10−5 to ξ = 10−4 [24]. In this work, a loss
factor of ξ = 10−4 is considered.
For the validation of the analytical model, a numer-

ical study with the Finite Element Method (FEM)
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is used. This method consists of the discretization of
the domains composing the system and solving the
equations that govern the physics of each resulting el-
ement. As the system is composed by a structural ele-
ment (plate) and a �uid element (air), a multiphysics
model is used. For the case of the �uid, it is neces-
sary to solve the Helmholtz equation in the frequency
domain. In this model, a linear background pressure
�eld propagating along the waveguide is considered,
as well as a rigid acoustic boundary in the walls of
the tube. For the structural element a linear elastic
model, based on solving the equations of motion for a
linear elastic solid, is used.

Figure 2 shows the results obtained for the problem
in re�ection when only viscothermal and viscoelastic
losses in the plate are considered. Figure 2a repre-
sents the re�ection and absorption coe�cients in the
real frequency axis (ωi = 0) and Figure 2b shows the
representation of log |R|2 as a function of the real and
imaginary part of the frequency. This last representa-
tion shows the pairs of zeros (blue) and poles (red),
that are complex conjugates, where poles have a pos-
itive imaginary part and zeros have a negative imag-
inary part [19]. Note that the sign of the imaginary
part part of poles and zeros depend on the time con-
version e−jωt and, as a consequence the increasing of
the losses in the system displaces the zeros and poles
upwards.

As it can be seen in Figure 2a, a mini-
mum(maximum) in the re�ection(absorption) coe�-
cient can be identi�ed for both TMM and FEM. This
peak is associated with the fundamental resonance of
the plate (Eq. 7), fres = 575 Hz. At the resonance fre-
quency, the system is characterized by both the leak-
age rate of energy and the intrinsic losses of the plate
and the waveguide. These peak also can be observed
in the zeros and poles diagram. Perfect absorption is
produced when zeros lie at the real frequency axis. As
can be seen in Figure 2b, the zeros of the re�ection
coe�cient, corresponding to resonances of the plate
and the cavity mode, respectively, are below the real
frequency axis, meaning that the critical coupling con-
dition can be ful�lled by increasing the losses in the
system.

Slight di�erences between analytical and numerical
results are mainly due to di�erences between the an-
alytical and numerical models used in the calculation
of the resonance frequency of the plate. The analyt-
ical equation (Eq. 7) is an approximation valid only
for square plates with all its sides clamped and for
(m,n) modes in which m = n.

In order to increase viscoelastic losses, it is possi-
ble to consider the inclusion of an absorbing layer in
contact with the plate in order to increase this kind
of losses and, for instance, increase the absorption of
the system. This will create a composite that can be
studied as a single layer by using the RKU model [16].
This model was developed for calculating the damp-

ing of �exural vibrations by alternate viscoelastic and
elastic layers. Using the RKU model, it is possible to
describe the system plate-absorptive layer as a single
composite [5] with e�ective mechanical properties.
Following the equations governing the RKU model,

an absorptive layer made of moulded polystyrene has
been added in contact with the plate considered in the
previous section. This material has Young's modulus
E = 7.8 · 109 Pa, density ρv = 1400 kg/m3, Poisson
ratio ν = 0.34 and loss factor η = 0.1. The thickness
of the absorptive layer, δ = 225 µm, has been chosen
in order to get the highest absorption at the resonance
frequency of the resulting composite.
This con�guration gives as a result an e�ective

layer which e�ective properties are Young's modulus
Eeff = 3.01 · 1010 Pa, density ρeff = 2304.8 kg/m3,
Poisson ratio νeff = 0.34 and loss factor ηeff = 0.025.
As can be seen in Figure 3a, the absorption coe�-

cient has grown to α = 1 at the resonance frequency
of the composite. The zeros of the re�ection coe�cient
in the complex frequency plane (Figure 3b) lay in the
real axis, meaning that the critical coupling condi-
tion has been ful�lled and, thus, perfect absorption is
achieved.

3. The problem in transmission

In this case, a single plate in transmission is studied
by using, as in the previous section, the TMM. No
rigid backing placed behind the plate is considered in
this case and, thus, the possibility of the transmission
of sound waves must be taken into account.
Since only a single plate in transmission is consid-

ered, the thickness of the air cavity must be consid-
ered as L = 0 and, thus, only Tp is taken into account
in the transfer matrix.. As a consequence, the transfer
matrix of the system, T , can be de�ned as the transfer
matrix of a plate, Tp.

Tp =

[
1 Zp
0 1

]
, (12)

The re�ection and transmission coe�cients can be
directly calculated from the elements of the transfer
matrix of the system (Eq. 12):

T =
2ejkL

T11 + T12/Z0 + Z0T21 + T22
, (13)

R− =
T11 + T12/Z0 − Z0T21 − T22
T11 + T12/Z0 + Z0T21 + T22

, (14)

R+ =
−T11 + T12/Z0 − Z0T21 + T22
T11 + T12/Z0 + Z0T21 + T22

, (15)

where the superscripts (+,−) denote the incidence
in the positive and negative x-axis direction, respec-
tively. Note that, in the case of a symmetric sys-
tem, T11 = T22 and, as a consequence, R+ = R−,
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Figure 2. a) Re�ection and absorption coe�cients and b) re�ection coe�cient in the complex frequency plane in the
lossy case.

Figure 3. a) Re�ection and absorption coe�cients and b) re�ection coe�cient in the complex frequency plane in the
lossy case (RKU model).

which is the case presented here. The reciprocal be-
haviour of the system can be seen from the fact
that the determinant of the transfer matrix is unitary
(T11T22−T12T21 = 1). In the case of a plate considered
as a punctual resonator, these two properties are ful-
�lled. Then, the re�ection and transmission coe�cient
can be directly obtained from Eq. 12 by considering
L = 0.

T =
2

2 + Zp/Z0
, (16)

R =
Zp/Z0

2 + Zp/Z0
, (17)

As it can be seen in Eq. 16 and 17, the transmis-
sion and re�ection coe�cients depend only on the
impedance of the plate, Zp, and the air, Z0. The
absorption coe�cient is immediately obtained from
these coe�cients as

α = 1− |T |2 − |R|2, (18)

The scattering matrix is widely used in wave
physics to characterize and interpret the wave scat-
tering by relating the amplitudes of the incoming
waves with those of the outgoing waves [25]. In or-
der to obtain perfect absorption the two eigenvalues
of the scattering matrix must vanish at the same fre-
quency. This implies that symmetric and antisymmet-
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Figure 4. 3-D scheme of the problem in re�ection. Dark
blue represents the incident plane wave generated by the
source, medium blue represents the sound wave that is
re�ected by the system and soft blue represents the trans-
mitted wave. The plate is represented in grey.

Figure 5. Transmission, re�ection and absorption coe�-
cients in the lossy case.

ric modes must be simultaneously critically coupled at
a given frequency [26]. When the eigenvalues are both
zero but at di�erent frequencies, then the system can-
not present perfect absorption, but quasi-perfect ab-
sorption can be achieved by approaching the symmet-
ric and antisymmetric modes using strong dispersion
[25].
As can be seen in Figure 5, values of the trans-

mission and re�ection coe�cients are constant (zero)
at any frequency, except in the vicinity of the reso-
nance frequency (f11 = 549 Hz), where the value of
the transmission coe�cient increases at the �exural
resonance frequency of the plate. At this frequency the
plate is impedance matched with the exterior medium
and, as a consequence, there is maximum transmission
(and minimum re�ection).
The low in�uence of a single plate in the absorption,

compared with the case in re�ection, leads to the need

Figure 6. Transmission, re�ection and absorption coe�-
cients in the lossy case (RKU model).

of implementing new solutions adding losses in order
to increase the viscoelastic losses in the system. With
this purpose, the RKU model has been applied to the
lossy case adding an absorptive layer in contact with
the plate, creating a composite that can be studied
as a single layer with e�ective properties as was de-
scribed in the previous section.

The thickness of the absorptive layer in contact
with the plate, made of moulded polystyrene, is δ =
225 µm. Note that the loss factor of the absorptive
material is three orders of magnitude greater than
that of the aluminum (η = 10−4). The increase of the
loss factor of the composite, ηc, introduced by the ab-
sorptive material is fundamental in the rise of the ab-
sorption of the system. This e�ective properties of the
resulting layer are Young's modulus Eeff = 2.37 ·1010
Pa, density ρeff = 2154 kg/m3, Poisson ratio νeff =
0.34 and loss factor ηeff = 0.0447. As a result, an
increase of the absorption coe�cient up to α = 0.5 is
observed (see Figure 6).

The optimum absorption α = 0.5 found in Figure
6 is characteristic of systems with open resonating el-
ements ful�lling the critical coupling condition [27].
In the case of a symmetric resonator and one-sided
excitation (as considered in this work) critical cou-
pling leads to 0.5 absorption [28, 14, 29]. If the plate
is considered as a point symmetric system, the im-
position of the continuity of the wave-�eld at this
point yields 1 + R = T [28].The one-wave transmis-
sion and re�ection of a scatterer is independent of the
amplitude of the incident wave in the linear acoustics
regime, so they can be regarded as intrinsic of the
scatterer. Combined with the constraint on R and T
due to the point symmetry, and that R = −T , the
magnitudes of R and T must be 0.5 each for per-
fect absorption, which leads to a maximum absorp-
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tion (α = 1 − |T |2 − |R|2) of 0.5 under one incident
wave [30].

4. Conclusions

The study of the conditions for the sound absorption
due to �exural resonances and viscoelastic damping in
square aluminum plates, as well as viscothermal losses
in the waveguide, is reported in this work. These con-
ditions are studied considering the problem in re�ec-
tion and the problem in transmission of a plate, and
including intrinsic losses of the system and additional
losses of an absorptive layer by using the RKU model.
Considering the equations governing the TMM, it

is possible to conclude that perfect absorption can
be achieved in the problem in re�ection with a sin-
gle plate, as opposite to the transmission problem, in
which the maximum absorption coe�cient achieved
with a single plate is αmax = 0.5.
Experimental works will be performed in the nearly

future in order to validate the results presented in this
work in both cases, as well as the inclusion of new con-
�gurations of the systems with more than one plate
that allow to increase the absorption in transmission.
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